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2004  First -order  system employed for high-order RD method (steady)  

2006  Time-derivative added, and the system becomes hyperbolic.  

2007  JCP  Part I     -  First -Order Hyperbolic System Method  

2009  AIAA 2009  

2010  JCP  Part II    -  Unification of Advection and Diffusion  

2011    AIAA 2011     -  Hyperbolic Navier -Stokes System  

History of FirstHistory of First --Order Hyperbolic System MethodOrder Hyperbolic System Method   

Cattaneo(1958) 

Mixed formulation 

2005  34th VKI CFD Lecture Series: Very  High Order Schemes 



 Diffusion Equation  
 

 

 

 

 Hyperbolic Model for Diffusion  
 

 

 

 

From PhD thesis of M. Arora,  

University of Michigan, 1995 

There have been attempts to solve the hyperbolic 
model instead of diffusion, targeting applications 
to high-order moment equations (rarefied gas). 
 
Roe, Arora, Hittinger  (1993, 2000) 
Van Leer, Brown, Suzuki, Khieu(1996, 2008, 2011) 
Jin and Levermore (1996) 
Lowrie  and Morel (2002)  

 
 Advantages: compact, parallel, physics, etc. 
Difficulty is the stiffness due to extremely small Tr. 

Eigenvalues are real : 

Cattaneo(1958) 

Hyperbolic Model for DiffusionHyperbolic Model for Diffusion   



  

 

 

 

Hyperbolic model becomes the diffusion equation  
in the steady state for any relaxation time, Tr.  

Basic Idea (JCP 2007):  

We can compute steady solution to diffusion by 
integrating the hyperbolic system in time.  

 
 Tr is a free parameter  -  Stiffness is not an issue for steady computations. 
 Advection scheme for diffusion  -  Goodbye to diffusion schemes... 

FirstFirst--Order Hyperbolic System MethodOrder Hyperbolic System Method  



Solution to the steady equation, 

Classical PseudoClassical Pseudo--Transient Transient MethodMethod   

The pseudo -transient equation can be anything  as long as it is 
stable and reduces to the original equation in the steady state . 
 
 For example, a wave equation (hyperbolic): 
 
Or the first -order hyperbolic system:  

can be computed by integrating a pseudo-transient equation,  

towards the steady state. 

Note: It  is elliptic in space.  



  

 

 

 

 

 

Moment Equations - rarefied gas 

 

Navier-Stokes Equations 
High -order PDEs 

Stiff Relaxation  
Jin, Roe , Van Leer, 
others  

First -Order Hyperbolic  
Nishikawa  

Target equations and applications are different.   

Solve all as hyperbolic.  

Two Different DirectionsTwo Different Directions   



In effect, we are adjusting the relaxation time so as to keep  
 the system strongly hyperbolic towards the steady state.  

Relaxation TimeRelaxation Time  

Tr can be defined to accelerate convergence towards steady state.  

E.g., require that the relaxation speed be comparable to the 
characteristic wave speed, possibly to enhance the convergence: 

Lr   is a constant that can be just 1.0 or can be determined to optimize properties of schemes 
(JCP2007) or optimize the condition number of the differential system (JCP2010).  

This is significantly larger than that in stiff relaxation methods:  

for small diffusion coefficient.  



Once reach the steady state, we obtain solution to diffusion,  
and the diffusive flux, p, to the same accuracy.  

Eigenvalues are real: 

Waves travelling to the left and right at the same finite  speed. 

E.g., Upwind scheme for diffusion:  

CFL condition:  

Upwind Diffusion SchemeUpwind Diffusion Scheme   

Upwinding results in a  
symmetric stencil due to 

the symmetric wave structure. 



Integrated hyperbolic -system formulation ensures  
equal order of accuracy of all variables in the solution vector.  

Why Same Order of Accuracy?Why Same Order of Accuracy?  

If we discretize a hyperbolic system, 

By, say, 2nd-order finite -volume method, the solution will be 2 nd-
order accurate for all variables in U :  u and p. 



Hyperbolic scheme - CFL Condition:  

Typical Scheme (e.g., Galerkin): 

O(1/h) speed -up to reach the steady state (1/2/3D).  

times faster for 1 million nodes. 

times faster for 1 billion nodes. 

O(h) Time StepO(h) Time Step  

As fast as the optimal SOR. 



1. Hyperbolic Methods for Diffusion                          
Riemann solvers, multi -D upwind, high -order, non-oscillatory, etc.  

2. O(h ) Time Step  for Diffusion                                   
Rapid convergence to a steady state by explicit schemes.  

3. Accurate Diffusive Fluxes (Derivatives )                                           
Same order of accuracy as the main variables.                                      
Boundary conditions made simple (Neumann -> Dirichlet ). 

Whatever the DiscretizationWhatever the Discretization   

Nishikawa, JCP 2010 

If you have a CFD book for hyperbolic systems,  
                                                           you have a CFD book for diffusion.  



1D code is available at http://www.cfdbooks.com  

DemonstrationDemonstration   



Tr  is derived by requiring  

Lr  is derived by optimizing the  
condition number of the system:  

Eigenvalues:  

Vector Form: 

Hyperbolic AdvectionHyperbolic Advection --Diffusion SystemDiffusion System  

Unification of advection and diffusion as  
a single hyperbolic system  

Nishikawa, JCP 2010 



Hyperbolic scheme - CFL Condition:  

Typical Scheme (e.g., Galerkin): 

O(h) Time StepO(h) Time Step  

O(1/h) speed -up through the diffusion limit.  

Nishikawa, JCP 2010 



1. One Scheme for Advection -Diffusion System                 
Single hyperbolic scheme for the whole advection-diffusion system.               
No need to combine two different schemes (advection and diffusion). 

2. Uniform Accuracy for All Reynolds Numbers                      
No blending function necessary in RD and continuous Galerkin methods.  

3. O(h) Time Step for All Reynolds Numbers          
Rapid convergence to a steady state by explicit schemes.  

4. Accurate Diffusive Fluxes (Derivatives )                                         
Same order of accuracy as the main variables.                                      
Boundary conditions made simple (Neumann -> Dirichlet ). 

5. Hyperbolic Methods Applicable to Adv -Diff                          
Riemann solvers, limiters, Multi -D Upwind, high -order, etc.  

For Any For Any DiscretizationDiscretization   

Nishikawa, JCP 2010 



where u(0)=0 and u(1)=1, and  

Stretched Grids: 33, 65, 129, 257 points.  

CFL = 0.99, Forward Euler time -stepping. 

Residual reduction by 5 orders of magnitude 

p is NOT given but computed on the boundary. 

Upwind scheme constructed for hyperbolic  
advection -diffusion system. JCP2010  

1D Test Problem1D Test Problem  
Nishikawa, JCP 2010 


